An anomalous metallic phase that persists to zero temperature and represents a new paradigm for a metal has been reported in a huge variety of two-dimensional electronic systems, starting from the very first studies of the superconductor-to-insulator transition (SIT) 1-15 . The nature of this mysterious phase, often referred to as "Bose metal," 16 remains unclear in spite of decades of dedicated studies 17,18 and poses a fundamental challenge for our understanding of electron fluids. Here we construct a gauge theory of the Bose metal (BM) and show that it is an integer bosonic topological insulator in which bulk transport is suppressed by mutual statistics interactions between Cooper pairs and vortices which are out of the Bose condensate due to strong quantum fluctuations. The longitudinal charge transport in Bose metal is mediated by U(1)-symmetry-protected gapless edge modes. We explore the magnetic-field-driven SIT in highly controllable niobium titanium nitride (NbTiN) films. We find the intervening metallic phase with low-temperature saturated resistance which demonstrates the transport features of a topological insulator. The observed scaling at the superconductor-metal and insulator-metal dual transitions exhibits the quantum Berezinskii-Kosterlitz-Thouless (BKT) criticality. arXiv:1906.07969v1 [cond-mat.str-el] 
While the concept of a 2D metal is at odds with 2D orthodoxy, a gauge theory of Josephson junction arrays (JJA) at T = 0 19 predicted the possibility of a metallic phase intervening between the superconductor and the superinsulator. Here, extending the technique of 19 to finite temperatures and building on the recent effective field theory of the SIT 20 , we construct a gauge theory of the Bose metal, unraveling the fundamental role of mutual statistics interactions due to Aharonov-Bohm-Casher (ABC) phases, and report transport measurements on NbTiN films that offer strong support to the proposed picture. We demonstrate that strong quantum fluctuations prevent Bose condensation of both vortices and Cooper pairs (CP) and that their mutual statistics interactions, see Fig. 2a , induce a gap, quantified by the Chern-Simons mass, m CS 21 , in their bulk fluctuation spectrum, thus preventing bulk transport. Longitudinal conductance is mediated by the topologically protected U (1) edge modes. Hence Bose metal is an integer bosonic topological Mott insulator.
We consider a two-dimensional superconducting film in the vicinity of the SIT at temperatures T T c0 , where T c0 is the mean-field temperature of formation of infinitely long-living Cooper pairs. The system harbors interacting elementary excitations, Cooper pairs and vortices, with respective energies e 2 q = 4e 2 / and e 2 v = Φ 2 0 /λ ⊥ , where e is the electron charge (we use nat-a b c ural units, c = 1, = 1, restoring physical units when necesssary), Φ 0 = π/e is the flux quantum, the ultraviolet (UV) cutoff of the theory is defined as min{d, ξ}, with d and ξ being the thickness of the film and the superconducting coherence length, respectively, and λ ⊥ = λ 2 L /d is the Pearl length of the film, with λ L being the London e f g Dimensionless SIT-driving parameter, g Figure 2 . Phase structure of the SIT.a: Superconductor: strings with electric quantum numbers condense. b: Superinsulator: Strings with magnetic quantum numbers condense. c: Coexistence of long electric and magnetic stringsnear the first-order direct transition from a superconductor to a superinsulator. d: Bosonic topological insulator/Bose metal: all strings are suppressed by their high self-energy. e: Phase transitions induced by an external magnetic field: Direct, magnetic-field-induced transition from a superconductor to a superinsulator for η < 1. f: Magnetic-field-driven transition from a superconductor to a topological insulator for η > 1. g: Schematic phase diagram for strong quantum fluctuations, η > 1 (not to scale), near the SIT. The Bose metal/topological insulator state (BM) is separated from the superconducting (SC) and superinsulating (SI) states by vortex-and charge-BKT transitions respectively (magenta and blue solid lines respectively). In the vicinity of the TVBKT line, R <RQ and the system exhibits metallic behavior which crosses over smoothly into the thermally activated insulating behavior upon decreasing g. At the dotted orange line, R =RQ and the resistance keeps increasing, R >RQ, towards the TCBKT line. The yellow strip depicts the domain of thermally activated resistance, which crosses over to BKT critical behavior on approach to TCBKT. The SIT-driving values g1 and g2 that mark superinsulator-Bose metal and superinsulator-Bose metal quantum transitions satisfy the duality relation g2 = 1/g1. The parameter g can be either the dimensionless conductance of the film, or the magnetic field, or the gate voltage in the gate-driven SIT. penetration depth of the bulk material. Mapping to a JJA is achieved via the e q → 4E C , e v → 2π 2 E J correspondence, where E C and E J are charging and Josephson coupling energies of the array, respectively. Since E J ∼ g∆, where ∆ is the gap in a superconducting granule in the JJA and g is the dimensionless tunneling conductance between the adjacent granules, the model implicitly takes into account dissipation effects.
Our first step is the derivation of the free energy governing the phase structure of the SIT. An effective gauge field theory action for an ensemble of interacting vortices and CP 20 accounts explicitly for the ABC effects, see Fig. 2a . These are the infrared-dominant interactions determining the SIT phase structure. Following 22 , we introduce two emergent gauge fields coupled to the conserved charge and vortex currents to produce a mixed Chern-Simons action 21 , see Methods and Supplementary Information (SI). Integrating out the quadratic gauge interactions we arrive at the energy of a system of strings carrying electric and magnetic quantum numbers Q and M and representing the Euclidean trajectories of charges and vortices on a lattice of spacing . Both this energy and the string entropy are proportional to the string length L = N , hence the free energy becomes F = Q 2 /g + gM 2 − 1/η µ e ηN , where g = e v /e q = (π/e 2 ) /λ ⊥ is the dimensionless tuning parameter with g=g c =1 corresponding to the SIT. In experiments on films, when studying the disorder-driven SIT, the role of the tuning parameter is taken by the dimensionless conductance, g = R Q /R 0 , where R Q = h/4e 2 is the so-called quantum resistance for CP, h is the Planck constant, and R 0 is the sheet resistance of the film measured at predefined standard conditions, often at 'room temperature.' The parameter g describes thus rather tuning the SIT by varying dissipation 23 . In JJA this becomes g = (π 2 /2)(E J /E C ), see SI. The dimensionless parameter η describes the strength of quantum fluctuations and, near the SIT, i.e. at e q ≈ e v , acquires the form (in physical units)
where α = e 2 /( c) ≈ 1/137 is the fine structure constant and µ e is the positional entropy (see SI). If one iden-tifies the UV cutoff with the superconducting coherence length ξ, the geometric factor encoding the material characteristics of the system can be written as d/(κλ L ) where κ = λ L /ξ is the Landau-Ginzburg parameter characterizing the superconductor and G is the diagonal element of the 3D Green function describing electromagnetic interactions screened by the CS mass, see SI.
Bose condensation of charges and/or vortices means proliferation of strings of an arbitrary size and occurs if F is negative, i.e. if
The phase emerging at particular values of g and η is determined by the geometric condition that the nods on a square lattice of integer electric and magnetic charges, {Q, M }, fall within the interior of an ellipse with semiaxes r Q = (g/η) 1/2 and r M = 1/(gη) 1/2 , see 
This relation resolves the enigma of why some materials exhibit a direct SIT while others go through the intermediate Bose metal phase. The direct SIT at g = 1 corresponds to η < 1; tuning g, one crosses the region η < g < 1/η, where both vortex and Cooper pair condensates coexist, i.e. the direct SIT is a first-order quantum transition. The Bose metal phase opens up for η > 1. Its domain is delimited by the lines g = η and g = 1/η. As we show below, these lines represent continuous quantum Berezinskii-Kosterlitz-Thouless 24,25 (BKT) transitions. The point g = 1, η = 1 is thus a quantum tri-critical point. The geometry factor d/(κλ L ) in η shows that an intermediate Bose metal phase is favored in thicker films of materials with low Landau parameter.
To describe the magnetic-field-driven SIT in systems with g ≈ 1 i.e. which are already on the brink of the SIT, let us introduce the frustration factor f = B/B Φ , where B Φ is the magnetic field corresponding to one flux quantum Φ 0 = π/e per unit cell. Then the external magnetic field shifts M → M + f and modifies the condensation conditions, see Fig. 2f ,g. Setting g = 1 + , with 1, one finds for a direct SIT at η < 1, f c = (1/2)(g 2 −1) ≈ . At η > 1, but still close to the tri-critical point, one sets g = η + and obtains for the superconductor-BM tran-
The electromagnetic response of a BM is obtained by coupling the charge current j µ to an external electromagnetic potential A µ :
is the effective action in the BM phase. Deriving this from the general Chern-Siomns action 20 , see Methods, one finds j µ This is not the complete picture, however. Since the Chern-Simons effective action is not invariant under gauge transformations not vanishing on the sample boundaries, one has to add edge chiral bosons 26 (see Methods) to restore the gauge invariance, exactly as in the quantum Hall effect framework 27 . The resulting edge action gives rise to the equation
where v b is the velocity of the edge modes and V is the applied voltage. Using I =qe eff v b ρ, one finds the longitudinal sheet resistance
which is in concert with the early elegant charge-vortex duality arguments 23,28 leading to R = R Q 28,29 at the SIT. In experiments, although R may well deviate from R Q upon departure from the SIT critical point, a standard SIT scaling analysis yields the convergence of R (T → 0) to R Q 2,3,15 near the presumed quantum critical point. At zero temperature, the Bose metal forms for η > 1 between the points g = 1/η and g = η. Hence its sheet resistance is lower than the quantum resistance, R < R Q , on the superconducting side, g > 1 and larger than the quantum resistance, R > R Q , on the insulating side, g < 1, with equality at g = 1. Self-duality is thus realized in the form R Q /R ↔R /R Q when g ↔ 1/g, generalizing the universality arguments of 23, 28, 29 to the Bose metal.
Bulk transport suppressed by the topological gap and ballistic symmetry-protected edge modes are the hallmark of topological insulators. In our case, while the flux quantum is π/e, the charge is carried by bosonic excitations of charge 2e. The BM is thus an integer bosonic topological insulator with edge modes protected by the unbroken U(1) symmetry. This is one of the generic integer topological phases recently classified in 30, 31 . The quantum fluctuations parameter η, suppression of bulk conductances by the topological CS mass m CS , and equations (4,5) for the longitudinal resistivity mediated by the U(1)-symmetry protected gapless edge states are the central results of our work.
The physics of the SIT is summarized in Fig. 2h . The BM forms at η > 1 and occupies the area between the charge-and vortex-BKT transition lines. Quantum transitions between the the superinsulator and the BM and the superconductor and the BM occur at g = g 1 , and g = g 2 , respectively. Duality requires g 2 = 1/g 1 . By selfduality, the SIT can still be identified as the line g = 1 on which R (T ) = R Q (the dashed line in Fig 2h) although there is no phase transition anymore at this point. Note that, while Fig. 2h presents the phase diagram for the disorder-driven SIT, the corresponding diagram for the B-driven SIT is similar up to the replacement (1/g)↔B, see Methods.
To unravel the mechanism preventing the condensation of CP, hence ensuring the stability of the Bose metal, we recall that the particle number operator N q and the U(1) phase ϕ form a pair of canonically conjugate variables, since N q is the generator of global U(1) charge transformations. Only two symmetry realizations are allowed in infinite systems, either N q is fixed, ∆N q = N q −N q 2 = 0, and ϕ is undefined, ∆ϕ = ∞ and the U(1) symmetry is linearly realized, or N q does not annihilate the vacuum, ∆N q = ∞, ϕ is fixed, ∆ϕ = 0 and the global U(1) symmetry is spontaneously broken. These two possibilities define the zero-temperature superinsulators and superconductors 32, 33 . However, topological Chern-Simons interactions open up a third possibility, ∆N q = 0, ∆N v = 0. This is because, due to the topological CS term, the physical charge and vortex numbers, those that eventually condense, do not coincide anymore with the Gauss-law constraints generating the two U(1) symmetries. One indeed finds that, in the Bose metal, the equal-time quantum correlation functions in the ground state are given by (see SI)
where
is the BKT 24,25 correlation length with x = g c /g set by the quantum coupling constant g and critical point g c . Accordingly, the two transitions, the superconductor-BM and superinsulator-BM are quantum BKT transitions. Another far-reaching implication of Eq. (7) is that charges and vortices form an intertwined liquid com-prising fluctuating macroscopic islands with typical dimensions ξ(g/g 2 ) and ξ(g 1 /g), respectively. This emergent structure is referred to as the self-induced electronic granularity 33 . The characteristic frequency of the BM strong quantum fluctuations is the frequency associated with this self-induced granular structure, ω = v/ξ corr . We don't have an exact expression for the correlation length in the ground state but we know that it must lie in the interval ξ < ξ corr < /(vm CS ), where the upper bound is the length scale associate wiht the CS gap to the first excited state. We obtain thus the lower bound ω > m CS v 2 / . Using m CS = e q e v /πv and e v ≈ e q at the center of the BM phase, we obtain ω > αv/d. This is the typical frequency associated with the electrostatic energy αv/d of a Cooper pair in the film. For the NbTiN parameters 34 d = 10 nm and v/c = 1/ √ ε = 1/ √ 800, we find ω > 7 THz.
The transport measurements were taken on NbTiN 10 nm thick films prepared by the atomic layer deposition (ALD) technique based on sequential surface reaction, step-by-step film growth. The films were lithographically patterned into bars and resistivity measurements were performed at sub-Kelvin temperatures in helium dilution refrigerators (see the details of the sample preparation, geometry, measurement technique and characterization in 34 ). All the resistance measurement were carried out in the linear regime, with the proper electric line filtering. Since the expected frequency of typical quantum fluctuations responsible for BM behaviour exceeds by several orders of magnitude the system of filtration, this is effective for noise elimination but does not affect the relevant physics at higher frequencies . Shown in Fig. 3a is the sketch of the two-terminal setup. Figure 3b presents the log-log plot of the low-temperature part of R (T ) across the magnetic field-driven SIT which is in concert with the earlier findings 2,3,15 . For small magnetic fields B 0.04 T, R saturates at the lowest measured temperatures to a magnetic fielddependent value spanning about an order of magnitude in sheet resistance, from R 1 kΩ to R 20 kΩ, suggesting metallic behaviour across this range. Above B 0.011 T, R (T ) develops a minimum in temperature dependence. Above B 0.04 T, the curve shows a trend to an insulating upturn, and, as soon as B exceeds 0.16 T, R (T ) exhibits pronounced insulating behaviour.
Plotting R (B) isotherms, panel Fig. 3c , exposes three sequential crossing points B SB ≈ 0.011 ± 0.001 T, B SI ≈ 0.039 ± 0.001 T, and B IB ≈ 0.16 ± 0.01 T. The corresponing resistances are R SB = 3.63 ± 0.01 kΩ, R SI = 6.57±0.01 kΩ, and R SI = 11.9±0.1 kΩ. Figure 3d displays the magnified representative (to avoid crowded curves) data for R (T ) vs. 1/T . One clearly sees saturation at low temperatures and the minimum in the R (1/T ) dependencies developing at fields above 0.011 T. The minima become less pronounced above the B SI field, above which the insulating behaviour becomes dominant.
From the above data one can identify the crossing points B SB and B IB as quantum transitions between the superconductor and the BM and the BM and the superinsulator, respectively. The intermediate crossing point at B = B SI can be viewed as a remnant of the SIT tricritical point. One immediately observes that the duality relations B SB /B SI = B SI /B IB and R SB /R SI = R SI /R IB , expected from this interpretation, are satisfied with the fantastic accuracy. This accuracy can be viewed as an additional support of the topological nature of the intermediate Bose metal phase. Generalizing the standard SIT scaling considerations of 29 to the BKT case, one arrives at the scaling variable |g − g c |(ln(T 0 /T )) 2 , where T 0 has to be determined by best fit. One thus expects BKT scaling behaviors at both quantum critical points B SB and B IB , with the remnant of an analogous behaviour at B SI due to the vicinity of the SIT quantum tri-critical point at η = 1, which dominates all the SIT physics and which is also responsible for the original scaling result of 29 and the observed persistent scaling in the experiment 15 . The results of the BKT scaling analysis are presented in Fig. 4a,b and demonstrate an excellent scaling fit, supporting the quantum BKT nature of the transitions to the Bose metal phase. Figure 4c presents the data obtained in other systems, like metallic granular films 2 and JJA 4 . This exponential scaling can be viewed as the result of a formal ν → ∞ limit, the "infinite" critical exponent ν implying, by the Harris criterion 35 , that disorder is irrelevant for the SIT in the renormalization group sense. In other words, the role of disorder in the large-scale properties of the system is only to tune the transition itself. This point though needs further investigation, since standard SIT scaling also offers pretty good fit, see SI.
Another important point is that the experimentally investigated NbTiN film does not fall into a superconducting state in the experimentally available temperature range even in zero magnetic field. This can raise the question whether the B SB = 0.011 T can be indeed identified as the superconductor-topological insulator transition. The answer is a affirmative since the system demonstrates the superconducting trend down to 200 mK due to percolative growth of superconducting clusters. The experimentally observed quantum transition at B SB thus merely occurs within the spatial scales not exceeding the typical size of superconducting percolation clusters, no matter that the global superconductivity does not form at these temperatures. The nature of the ground state in this system at B < B SB will be the subject of forthcoming publication. Now we are in a position to discuss the transport properties of the BM in more detail. The sheet resistance of the BM results from the contribution of two parallel channels, ballistic edge modes and thermally activated bulk modes over the CS gap. In the interval 0.011-0.04 T, corresponding to g > 1, one observes, see Fig. 3d that the standard drop into a superconducting state is stopped by the formation of the CS insulating gap, switching to exponentially activated growth which is eventually shunted by the bal-listic edge mode. The behavior below the minimum, T < T min is perfectly fitted by the two parallel resistors formula R (T,
where R CS (T ) ∝ exp(T CS /T ) is the bulk insulating gap, while R bal (B) is the field dependent edge mode, shown by the dashed line. Upon increasing the magnetic field further above 0.04 T (i.e. moving into the g < 1 region), R bal (B) increases and the edge states mix more and more with the bulk modes. As a result, the minimum in R (T, B) becomes less pronounced and the film crosses over continuously to insulating behaviour.
Recent transport studies 14, 36 reported that this anomalous Bose metal state possesses neither Hall resistance nor cyclotron resonance, which are expected to be pronounced in states that have longitudinal resistance much smaller than the normal resistance of the respective materials. These findings comply with our prediction that the Bose metal is a bosonic topological insulator. More experimental research, however, is required for conclusive evidence. One can also propose an imaging study of the fluctuation pattern using local probes, like scanning squid, scanning NV microscopy, or scanning impedance microscopy, as well as using a non-local measurement geometry to obtain indirect evidences of the edge modes.
where v c = 1/ √ µε is the speed of light in the film material, expressed in terms of the magnetic permeability µ and the electric permittivity ε (we use natural units c = 1, = 1). This action (9) is a non-relativistic version of the topologically massive gauge theory 21 describing a (2+1)-dimensional vector particle with the CS mass, m CS =qe q e v /2πv c , arising without spontaneous symmetry. The emergent gauge fields a µ and b µ mediate the mutual statistics interactions between Cooper pairs, with word-lines Q µ and chargeq = 2 and vortices of flux 2π/q, with world-lines M µ . When appropriately regularized on a lattice of spacing (see Supplementary Information) , these world-lines can be viewed as "strings" of typical length L = N , carrying electric and magnetic quantum numbers Q and M , respectively. To derive the free energy of the interacting Cooper pair-vortex system the gauge fields in the above quadratic action are integrated out via the standard Gaussian integration procedure, obtaining thus an effective action for the charge and vortex strings alone. As usual in statistical field theory this has the interpretation of an energy for the "string gas", which is proportional to the string length. To obtain a free energy associated with the strings, one has to include the contribution from the positional string entropy, which is also proportional to its length, with the proportionality factor µ e = ln(5) representing the 5 possible choices for string continuation at each lattice site. For the relevant case of Cooper pairs (i.e.q = 2), we find the free energy in the main text.
B. Effective action for the topological insulator
To determine the nature of the Bose metal we find its electromagnetic response by coupling the charge current (qe)j µ to an external electromagentic potential A µ and we compute its effective action by integrating out gauge fields a µ and b µ , This gives
where F µ = µαν ∂ α A ν is the dual field strength and we have identified the geometric lattice factor 4µ e η with the relevant thickness parameter d of the film, so as to maintain self-duality (see main text). This is the action of a bulk insulator as becomes best evident in the relativistic case where v c = 1, so that the above formula reduces to
(12) Varying this action with respect to the vector potential A ν gives the main text formula for the electric current.
C. Conduction by edge modes
The Chern-Simons effective action is not invariant under gauge transformations a i = ∂ i λ and b i = ∂ i χ at the edges. Two chiral bosons 26 λ = ξ + η and χ = ξ − η have to be introduced to restore the full gauge invariance, exactly as it is done in the quantum Hall effect framework 27 and for topological insulators 37 . The full gauge invariance is restored by adding the edge action
including the electromagnetic coupling of the edge charge density ρ = (qe eff )( √q /2π)∂ s χ in the A s = 0 gauge,qe eff being the effective charge of the Cooper pairs in the Bose metal phase,qe eff =qe √ g. As in the case of the quantum Hall effect, the non-universal dynamics of the edge modes is generated by boundary effects 27 , which result in the Hamiltonian
where v b is the velocity of propagation of the edge modes along the boundary. Upon adding this term, the total edge action becomes
The equation of motion generated by this action is
Integrating this equation gives eq. (4) in the main text, which represent ballistic charge conduction with the resistance R = R Q /g.
D. Stability of the Bose metal
To analyze the intermediate phase with no condensation, Q µ = 0, M µ = 0, we decompose the original gauge fields in Eq. (9) as
Quantizing (9) we arrive at the wave functional describing the ground state of the Bose metal (see SI):
which is simply the generalization of the Schrödinger wave function to a system with infinite degrees of freedom. Importantly, since the two gauge symmetries are compact, the fields φ and ψ represent angles. When taking into account the existence of the corresponding topological configurations, one recognizes that the exponent of the wave functional comprises the sum of the spin-wave phase actions for two 2D O(2) rotor models for the fields φ and ψ at "effective temperatures" g and 1/g inverse to each other. The quantum behaviour of charges and vortices in the bosonic topological insulator Ψ[a i , b i ] is thus given by the classical partition function of two 2D O(2) rotor models. These systems undergo the Berezinskii-Kosterlitz-Thouless (BKT) 24, 25 transition. Accordingly, in the confined state the charges/vortices are bound in neutral pairs and correlation functions are algebraic, while in the unbound state correlation functions are exponentially screened. The bosonic topological insulator exists at g 1, in the phase where both charges and vortices are screened by quantum fluctuations, leading to the quantum correlation functions (7) .
E. Samples and measurements
To grow suitable NbTiN films, we employed the atomic layer deposition (ALD) technique based on sequential surface reaction step-by-step film growth. The fabrication technique is described in detail in the Supplemental Material. This highly controllable process provides superior thickness and stoichiometric uniformity and an atomically smooth surface 38 as compared to chemical vapor deposition, the standard technique used to grow NbTiN films.We used NbCl 5 , TiCl 4 , and NH 3 as gaseous reactants; the stoichiometry was tuned by varying the ratio of TiCl 4 /NbCl 5 cycles during growth 40 . The superconducting properties of these ultrathin NbTiN films were optimized by utilizing AlN buffer layers grown on top of the Si substrate 39 . Nb 1−x Ti x N films of thicknesses d = 10 were grown. Films have a fine-dispersed polycrystalline structure 34 . The average crystallite size is ≈ 5 nm. Deposition temperature is 350 0 C. Ti fraction x is 0.3.
The films were lithographically patterned into bridges 50 µm wide, the distance between current-contacts was 2500 µm and distance between voltage-contacts was 450 µm. Most resistive transport measurements are carried out using low-frequency ac techniques in a two-terminal configuration with V ≈ 100 µV, f ≈ 1 Hz. Additionally we measured temperature dependence of resistance at zero magnetic field. From comparison two-and fourterminal configuration we determined number of square in a two-terminal configuration for obtaining resistance per square. For ac measurements we use SR830 Lock-ins and current preamplifiers SR570. All the resistance measurement are carried out in linear regime with using adequately system of filtration. Resistivity measurements at sub-Kelvin temperatures were performed in dilution refrigerators 3 He/ 4 He with superconducting magnet.
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